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Abstract. The Final-State Interaction (FSI) in Deep-Inelastic Scattering (DIS) of leptons off a nucleus A,
due to the propagation of the struck nucleon debris and its hadronization in the nuclear environment is
considered. The effective cross-section of such a partonic system with the nucleons of the medium and its
time dependence are estimated, for different values of the Bjorken scaling variable, on the basis of a model
which takes into account both the production of hadrons due to the breaking of the color string, which is
formed after a quark is knocked out off a bound nucleon, as well as the production of hadrons originating
from gluon radiation. It is shown that the interaction, the evolution and the hadronization of the partonic
system in the nuclear environment can be thoroughly investigated by a new type of semi-inclusive process,
denoted A(e, e′(A − 1))X, in which the scattered lepton is detected in coincidence with a heavy nuclear
fragment, namely a nucleus (A − 1) in low energy and momentum states. As a matter of fact, if the FSI
is disregarded, the momentum distribution of (A − 1) is directly related to the momentum distribution of
the nucleon before γ∗ absorption, i.e. the same quantity which appears in the conventional A(e, e′N)X
process, where N denotes a nucleon. The rescattering of the struck nucleon debris with the medium damps
and distorts the momentum distributions of (A − 1) in a way which is very sensitive to the details of the
effective cross-section of the debris with the nucleons of the medium. The total cross-section of the process
A(e, e′(A− 1))X on 4He, 16O, and 40Ca, related to the probability that after a target nucleon experiences
a DIS process, the recoiling (A − 1) nucleus remains intact in spite of the strong FSI, is evaluated, and
the distorted momentum distribution of the recoiling (A − 1) system is obtained. It is shown that both
quantities are very sensitive to the details of the early stage of hadronization of the nucleon debris in the
nuclear medium.

PACS. 24.85.+p Quarks, gluons, and QCD in nuclei and nuclear processes – 25.10.+s Nuclear reactions
involving few-nucleon systems – 25.30.Dh Inelastic electron scattering to specific states – 25.30.Fj Inelastic
electron scattering to continuum

1 Introduction

Lepton scattering off nuclei in the Deep-Inelastic Scat-
tering (DIS) regime represents a powerful tool to investi-
gate a wide range of physics processes related to strong-
interaction physics which are more difficult to study in
lepton scattering off free nucleons. As a matter of fact, in
lepton nucleus scattering the interaction of the debris of
the struck nucleon with the nuclear medium during the
hadronization processes, could provide in principle valu-
able information on the space-time structure of the hadron
formation mechanism (see, e.g., [1]). Among others, we
should stress two main motivations for thoroughly inves-
tigating quark interaction in the hadronic medium:

a e-mail: ciofi@pg.infn.it
b e-mail: bzk@pluto.mpi-hd.mpg.de

1. the first one, as already pointed out, is related to
the possibility to understand the very mechanism and
space-time development of hadronization, especially at
its early stage; as different from experiments with in-
clusive hadron production in DIS [1] processes, with a
recoil intact (A− 1) nucleus are not contaminated by
hadronic cascades in nuclear matter;

2. the second one stems from the obvious necessity,
once a workable model for quark propagation and
hadronization is developed, to apply it to the treat-
ment the Final-State Interaction (FSI) in various
processes involving nuclei, like, e.g., ultra-relativistic
heavy-ion collisions, aimed at observing a possible
quark-gluon plasma formation, and semi-inclusive lep-
ton DIS scattering processes, aimed at investigating
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possible distortions of the nucleon structure function
of a bound nucleon (EMC effect).

It is the aim of this paper to update a comprehensive
and workable model to treat the propagation and re-
interaction in the medium of a nucleon debris produced
in a DIS process off a bound nucleon [2], and to apply it
to a recently proposed semi-inclusive DIS process on nu-
clei [3], which could be useful not only to investigate in
a more detailed way the mechanism of formation length
and hadronization, but also to obtain more reliable infor-
mation on EMC-type effects.
To date, the information on hadron formation length

comes mainly from the measurement of the multiplic-
ity ratio of the lepto-produced hadrons in semi-inclusive
A(e, e′h)X processes [4–6], whose interpretation, on the
basis of the quark re-interaction model we consider in this
paper [2], appeared to be very convincing (see, e.g., [7] for
a discussion of recent HERMES data). However, it should
also be pointed out that more exclusive processes, e.g. of
the type we are going to discuss, though difficult to per-
form, could in principle provide more direct information
on quark re-interaction and hadronization mechanisms. As
for the EMC-type effects, in spite of many experimental
and theoretical efforts (for a recent review see [8]), the ori-
gin of the nuclear EMC effect has not yet been fully clari-
fied, and the problem as to whether, and to which extent,
the quark distributions of nucleons undergo deformations
due to the nuclear medium, remains open. This is why var-
ious semi-inclusive experiments in which another particle
is detected in coincidence with the scattered electron have
been proposed. Most of theoretical studies in this field
concentrated on the process D(e, e′N)X, where D denotes
the deuteron,N a nucleon, andX the undetected hadronic
state. Current theoretical models of this process are based
upon the Impulse Approximation (IA) (or the the spectator
model ), according to which i) X results from DIS off one
of the two nucleons in the deuteron, ii) the second nucleon
N recoils without interacting with X and is detected in
coincidence with the scattered electron (for an exhaustive
review see [9]). The model has been improved by consid-
ering that the detected nucleon could also originate from
quark hadronization [10,11], and has also been extended
to complex nuclei by considering the process A(e, e′N)X,
by assuming that DIS occurs on a nucleon of a correlated
pair, with the second nucleon N recoiling and detected in
coincidence with the scattered electron [11].
In all the above calculations, however, the nucleon de-

bris created by the virtual photon is assumed to propagate
without re-interacting with the spectator nucleus, which,
therefore, always remains intact, an assumption which, at
first sight, might appear unjustified.
As a matter of fact, DIS off a bound nucleon results

in the production of a multi-particle final state with an
effective mass squared equal to

s′ � m2
N −Q2 + 2mN ν − 2

√
ν2 −Q2 pL

= Q2

(
1
x
− 1

)
+m2

N − 2|q|pL , (1)

where Q2 = q2 − ν2 is the four-momentum transfer, ν the
virtual photon energy in the rest frame of the nucleus, pL
the longitudinal Fermi momentum of the nucleon relative
to the direction of the virtual photon (q ‖ z), mN the nu-

cleon mass, and x =
Q2

2mNν
the Bjorken scaling variable

(we neglect here the binding energy of the nucleon). At
high energies and far from the quasi-elastic region (x ≈ 1),
the effective mass is large,

√
s′ � mN , and one could ex-

pect the production of many particles which can inter-
act traveling through the nucleus. This would substan-
tially suppress the probability for the spectator nucleus
to remain intact. However, the process of multi-particle
production has a specific space-time development, and it
turns out that not so many particles have a chance to be
created inside the nucleus.
Recently [3], a new type of semi-inclusive process on

complex nuclei has been considered, namely the process
A(e, e′(A − 1))X, in which DIS occurs on a mean-field,
low-momentum nucleon, and the nucleus (A − 1), recoil-
ing with low momentum and low excitation energy, is de-
tected in coincidence with the scattered electron. Within
the IA, it has been shown that such a process exhibits a
series of very interesting features which could in principle
provide useful insight on the nature and the relevance of
quark FSI in DIS off nuclei, the validity of the specta-
tor mechanism, and the medium-induced modifications of
the nucleon structure function. In the present paper we
go beyond the IA by considering the effects of the quark
re-interaction in order to clarify i) to which extent the
conclusions reached in ref. [3] will be affected by the FSI,
and ii) if, and to which extent, the process is sensitive to
the details of quark hadronization in nuclear environment.
Our paper is organized as follows: in sect. 2 the formal-

ism of the FSI is presented; the application of the theory
to the process A(e, e′(A − 1))X is illustrated in sect. 3;
the results of calculations of the total cross-section and the
distorted momentum distributions are exhibited in sect. 4;
the summary and conclusion are given in sect. 5.

2 Final-state interaction and hadronization in
semi-inclusive processes

2.1 Coherence time for particle production. The color
string model

After a quark is knocked out off a bound nucleon by
the virtual photon, a color field is stretched between
the quark and the remnants of the nucleon. In the color
flux tube model [12,13], one assumes that this process is
adiabatic, i.e. gluon radiation is neglected while the color
field is squeezed by the QCD vacuum to a color tube
of a constant cross-area. Assuming that the transverse
dimension of the tube is much smaller than its length one
can call it color string.
The important parameter of the model is the string

tension, i.e. the energy density per unit of length, which
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is related to the hadronic mass spectrum [12],

κ =
1

2π α′R
� 1GeV

fm
, (2)

where α′R ≈ 0.9GeV−2 is the slope of the leading Regge
trajectories.
The energy of the leading quark degrades with a con-

stant rate, dE/dz = −κ, (z is the longitudinal coordinate)
which is invariant relative to Lorentz boosts. At the same
time, the rest of the nucleon (e.g., a diquark) speeds up
with the same acceleration, so the total momentum and
energy of the debris of the nucleon remain constant. The
string itself carries only energy, but no longitudinal mo-
mentum.
Naively, one might think about a long string stretched

across the nucleus. However, the slow end of the string
is accelerated and reaches soon the speed of the light. It
turns out that the maximal length of the string in the rest
frame of the target nucleon is

Lmax =
mqq

κ
, (3)

where mqq is the mass of the rest of the nucleon, which we
conventionally call a diquark. Assuming this mass to be
less than the mass of the nucleon, one gets Lmax < 1 fm.
Thus, the string propagating through the nucleus is rather
a short object in the nuclear rest frame. Moreover, sub-
sequent decays of the string via spontaneous q̄q pair pro-
duction from vacuum make the string even shorter (see
below).
Since the interaction cross-section of a high-energy col-

orless object in QCD depends only on its transverse size,
one can assume that for such a string the cross-section
should be of the order of nucleon-nucleon total cross-
section.
An important phenomenon related to the string evolu-

tion is the spontaneous creation of quark-antiquark pairs
from vacuum via the Schwinger mechanism. Since the
string potential is a linear function of the distance, a cre-
ated q̄q pair completely screens the external fields in be-
tween, therefore, it breaks the string into two pieces. If so,
the interaction cross-section may nearly double compared
to one string. This is important and must be taken into
account.
The probability W (t) for a string to create no quark

pairs since its origin is given by

W (t) = exp

−w t∫
0

dt′ L(t′)

 , (4)

where w is the probability rate to create a light q̄q pair
within a unit of length of the string and a unit of time
(t = z, in natural units), and L(t) is the time-dependent
length of the string. Note that eq. (4) is invariant relative
to longitudinal Lorentz boosts.
The key parameter w can be estimated either using

the Schwinger formula, or by calculating the decay width
of heavy resonances [12,13], both ways giving w ≈ 2 fm−2.

One can also evaluate w from the momentum distribution
of the recoil protons in the reaction pp → pX [14,15]. If
the final proton stays in the fragmentation region of the
target, it acquires momentum due to the acceleration by
the string up to the moment∆t of the first string breaking.
This moment is determined according to (4) by the

condition
1
2
w∆t2 ≈ 1 . (5)

The momentum which the proton gets during this time
interval, p = κ∆t, is related to the Feynman xF of
the leading proton (in the anti-laboratory frame), p =
mN (1 − x2F)/2xF. The mean value of xF is known from
data, 〈xF〉 ≈ 0.5. Therefore, 〈p〉 ≈ 1GeV/c, and w =
2/∆t2 ≈ 2κ2/p2 ≈ 2 fm−2. Thus, all of these estimates
converge at about the same value.
From this consideration we found that the mean time

of breaking of the string after its production is ∆t ≈ 1 fm.
Since after each breaking the leading piece of the string
becomes twice shorter (in the lab frame), the time in-
terval up to the next breaking, and correspondingly the
momentum of the next produced particle, double. This is
the way how string decay produces sequences of hadrons
whose momenta are ordered in geometrical progression,
corresponding to a plateau in rapidity scale. This bunch
of particles with multiplicity rising with time propagates
through nuclear matter with increasing probability to in-
teract, i.e. to break up the recoiling nucleus. The effective
interaction cross-section of the partonic system developing
in nuclear matter rises as function of time as

σeff(t) = σNN
tot + σ

MN
tot nM (t) , (6)

where

nM (t) =
ln(1 + t/∆t)

ln2
, (7)

and we have assumed that the string at the early stage
before the first breaking interacts with the nucleon cross-
section. Subsequent decays of the string are assumed to
be, str → B + str → B +M + str → B + 2M + str. . .,
where B and M are baryon and meson, respectively. All
other produced particles are mesons which are assumed
to interact with the pionic cross-section, σMN

tot = σπN
tot . We

also assume that they decay predominantly outside the
nucleus. The latter assumptions is well justified for few-
GeV mesons.
The effective cross-section (6) grows logarithmically

with time and in a long time interval, t ∝ Eq, when the
hadronization is completed, reaches the maximal value

σmax ≈ σNN
tot + σ

πN
tot 〈nM 〉 , (8)

where 〈nM 〉 is the observed mean multiplicity of produced
mesons. If the energy of the quark initiating the jet is suffi-
ciently high, the late stage of string hadronization happens
outside the nucleus.

2.2 Gluon Bremsstrahlung

An intuitive QED analogy for the string model would be a
capacitor whose plates are much larger than the distance
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between them. These plates moving apart are losing en-
ergy mainly for the creation of the static electric field,
while photon radiation from the edges is a small correc-
tion. This analogy gives a hint to the restrictions for the
application of the string model. Probably, soft inelastic
interactions can be treated this way, although the size of
a constituent quark and the length of the color flux tube
∼ 1 fm (up to the first break) are of the same order, and
gluon radiation might be an important correction. How-
ever, a quark knocked out by a highly virtual photon in
DIS has size ∼ 1/Q, much smaller than the length of the
string. This is apparently a situation when the “edge ef-
fect” of gluon radiation plays a major role [2].
In order to estimate the effect of gluon radiation one

can rely upon perturbative QCD methods [2,16,17]. We
are interested in the time dependence of the amount of ra-
diated gluons, therefore the coherence time of radiation is
important. It depends on the quark energy which is about
the energy of the incident virtual photon Eq ≈ ν , the
transverse momentum kT of the gluon, and the fraction α
of the quark light-cone momentum it carries [2,16],

tc =
2Eq α (1− α)
k2T + α2m2

q

, (9)

where mq is the quark mass which is not important for
further estimates.
The mean number of gluons which lose coherence and

are radiated during the time interval t is given by [2,18],

nG(t) =

Q2∫
λ2

dk2T

1∫
kT/Eq

dα
dnG

dk2T dα
Θ(t− tc) , (10)

where the number of radiated gluons as a function of α
and #kT reads [2,19],

dnG

dα dk2T
=
4αs(k2T)
3π

1
αk2T

. (11)

Here αs(k2T) = 4π/9 ln(k2T/Λ
2
QCD) is the leading order

QCD running coupling. We use the approximation of soft
radiation, α
 1 and k2T 
 Q2. Since dnG/dk2T ∝ 1/k4 at
k2T � Q2 [20], we can use Q2 as the ultraviolet cut-off in
the k2T integration in eq. (10).
To avoid double counting we assume that at Q < λ

the string fragmentation mechanism dominates the non-
perturbative dynamics of particle production. For this rea-
son we introduced in (10) an infrared cut-off λ2 for the
k2T-integration, which should be taken of the order of the
semi-hard scale characterizing gluon radiation. This scale
was fixed in [17] at λ = 0.65GeV from data on diffractive
gluon radiation (the triple-Pomeron mechanism) in soft
hadronic collisions. The relatively large value of λ corre-
sponding to a semi-hard scale, is dictated by the experi-
mentally observed smallness of the cross-section of single
diffraction, pp→ pX to states of large effective mass MX .
The parameter λ controls the size of the virtual gluon
clouds surrounding the valence quarks. Although the mean

radius of the cloud r0 � 0.3 fm might seem to be small,
it goes well along with the radius of gluon-gluon correla-
tion, calculated on the lattice [21], or with the instanton
phenomenology [22] which gives similar estimates. The ap-
pearance of such a semi-hard scale has presumably a non-
perturbative origin and was interpreted in [17] as a result
of a strong nonperturbative light-cone potential between
the parent quark and gluon.
After integration in (10) we find that the multiplicity

of radiated gluons rises with time differently depending
on whether t is smaller or larger than t0 = 1/(mM xBj) =
0.2 fm/xBj. At t < t0,

nG(t)=
16
27

{
ln

(
Q

λ

)
+ln

(
t ΛQCD

2

)
ln

[
ln(Q/ΛQCD)
ln(λ/ΛQCD

]}
.

(12)
At t > t0 the t-dependence starts leveling off,

nG(t) =
16
27

{
ln

(
Q

λ

t0
t

)

+ ln
(
t ΛQCD

2

)
ln

[
ln(Q/ΛQCD

√
t0/t)

ln(λ/ΛQCD)

]

+ ln
(
Q2 t0
2ΛQCD

)
ln

[
ln(Q/ΛQCD)

ln(Q/ΛQCD

√
t0/t)

]}
, (13)

and reaches the maximal constant value when the time
exceeds the full hadronization time, t > t0Q2/λ2,

nmax
G =

16
27

{
−ln

(
Q

λ

)
+ln

(
Q2 t0
2ΛQCD

)
ln

[
ln(Q/ΛQCD)
ln(λ/ΛQCD)

]}
.

(14)

Apparently, all the three regimes eqs. (12)-(14) match.
Thus, we have arrived at a similar logarithmic growth

of the amount of the produced particles with time as in the
string model. Note that no gluons is radiated at Q → λ,
which is reasonable since at this value the onset of the non-
perturbative dynamics of gluon radiation is expected [17].
At Q > λ the amount of gluons slowly rises with Q. This
observation does not contradict the fact that gluons pro-
vide the main contribution to the energy loss at large val-
ues of Q2 [2]. Although the amount of hard (high-kT) glu-
ons is small, each of them takes away a large value of
energy, ω > k2Tt.
One can replace each radiated gluon by a color octet

q̄q pair with accuracy 1/N2
c , and rearrange these pairs

to form colorless q̄q dipoles. If to treat those dipoles as
produced mesons, the effective cross-section (6) gets an
extra contribution,

σeff(t) = σNN
tot + σ

πN
tot

[
nM (t) + nG(t)

]
, (15)

which smoothly switches into the expression (7) at Q→ λ.
The effective absorption cross-section σeff as a function of
time is depicted in fig. 1 for different values of xBj.
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Fig. 1. The effective quark debris-nucleon cross-section vs. the
longitudinal coordinate z in correspondence of Q2 = 10GeV2

and two values of the Bjorken scaling variable x. The open dots
correspond to the string model (eq. (6)), and the full dots and
stars represents the total σeff , i.e. the sum of the string and
gluon radiation contributions (eq. (15)).

3 The semi-inclusive process
A(e, e′(A − 1))X

3.1 The Impulse Approximation

The process we are going to consider is the one in which
γ∗, interacting at high Q2 with a quark of a mean-field
nucleon (to be labeled by “1”, and considered to be
a proton), having four-momentum p1 ≡ (p10, #p1), with
#p1 ≡ −#PA−1, creates a nucleon debris which propagates
in the A−1 nucleon system, which recoils with low momen-
tum #PA−1 and low excitation energy, and is detected in
coincidence with the scattered electron. We are interested
in the propagation and interaction of the quark debris
with the nuclear environment, but, to better understand
the problem, we first analyze the Impulse Approximation
(IA), when any kind of FSI is disregarded. In one-photon–
exchange approximation, the differential cross-section in
the laboratory system has the following form [3]:

σA
1 (x,Q

2, #PA−1) ≡ σA
1 =

dσA

dxdQ2d#PA−1

=

KA(x,Q2, yA, z
(A)
1 )z(A)

1

×FN/A
2 (xA, Q

2, p21)P
A(E, |#PA−1|), (16)

where Q2 = −q2 = −(ke − k′e)2 = #q 2 − ν2 = 4EeE
′
e sin

2 θ
2

is the four-momentum transfer (with #q = #ke − #k′e, ν =

Ee −E′
e and θ ≡ θ�̂ke

�k′
e

), x = Q2/2Mν is the Bjorken scal-

ing variable, p1 ≡ (p10, #p1), with #p1 ≡ −#PA−1, is the four
momentum of the nucleon before the interaction with γ∗,
F

N/A
2 the DIS structure function of a nucleon bound in nu-
cleus A, and KA(x,Q2, yA, z

(A)
1 ) the following kinematic

factor:

KA(x,Q2, yA, z
(A)
1 ) =

4α2

Q4

π

x
·
(
y

yA

)2
[
y2A
2
+ (1− yA)−

p21x
2
Bjy

2
A

z
(A)2
1 Q2

]
, (17)

with

y = ν/Ee , yA = (p1 · q)/(p1 · ke) , (18)

xA =
xBj

z
(A)
1

, z
(A)
1 =

p1 · q
Mν

. (19)

In eq. (16), the quantity P (E, |#PA−1|) is the Nucleon
Spectral Function

PA(E, |#PA−1|) =∑
f

|〈#PA−1, Ψ
f
A−1|Ψ0

A〉|2δ
(
E − (Emin + E

f
A−1)

)
(20)

where Ψ0
A and Ψ

f
A−1 are the wave functions of the target

nucleus and the final nucleus (A−1) in the excited intrinsic
state f , respectively, E = Emin +E

f
A−1 is the nucleon re-

moval energy, i.e. the energy required to remove a nucleon
from the target, leaving the (A−1) nucleus with excitation
energy Ef

A−1, and, eventually, Emin =M +MA−1 −MA.
From now-on, the overlap appearing in eq. (20) will be

called the transition form factor of the process and will
be denoted as follows:

F f
A−1,A(#PA−1) ≡ 〈#PA−1, Ψ

f
A−1|Ψ0

A〉 =∫
ei

�PA−1�r1Ψf
A−1(#r2 . . . #rA)

×Ψ0
A(#r1, #r2 . . . #rA)δ

(
A∑

j=1

#rj

)
A∏

i=1

d#ri . (21)

Because of the energy conservation

ν +MA = P(A−1)0 + px0 , (22)

where px0 is the total energy of the debris, the removal
energy can be written in the following way:

E = ν +M − px0 (23)

if the total energy of the system (A− 1) is approximated
by its nonrelativistic expression and the recoil energy dis-
regarded.
As is well known [23], the integral of the spectral func-

tion over the removal energy E defines the (undistorted)
momentum distributions

nA(|#p |) =
∫
e−i�p(�r−�r ′)ρ(#r, #r ′)d#rd#r ′ =∫
dEPA(E, |#p |) = nA

0 (#p ) + n
A
1 (#p ) , (24)
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where

ρ(#r, #r ′) =
∫
Ψ0

A
∗
(#r, #r2 . . . #rA)Ψ0

A(#r
′, #r2 . . . #rA)

A∏
i=2

d#ri ,

(25)
is the one-body mixed density matrix. In eq. (24), nA

0 rep-
resents the mean-field uncorrelated momentum distribu-
tion arising from the summation over the discrete hole
states of the final system, whereas nA

1 is the correlated mo-
mentum distribution resulting from the summation over
high excitation states of the final system, which originate
from nucleon-nucleon correlations.
In this paper we will consider semi-inclusive processes,

when the cross-section (16) is integrated over the removal
energy E, at a fixed value of #PA−1. Thus, owing to

∑
f

Ψf
A−1

∗
(#r2′ . . . #rA′)Ψ

f
A−1(#r2 . . . #rA) =

A∏
j=2

δ(#rj − #rj′) ,

(26)
the cross-section (16) becomes directly proportional to the
momentum distribution nA(|#PA−1|). However, since, as
previously stated, we will only consider the formation of
a low momentum and low excitation energy (A − 1) sys-
tem, the summation over f is effectively limited to the
hole states α of the initial nucleus, which means that the
only relevant quantity is the low-momentum part of

nA
0 (|#PA−1|) =

∑
α<F

|Fα<F
A,A−1(|#PA−1|)|2 , (27)

where the sum extends over the states below the Fermi sea
occupied in the ground state. Following [3], let us briefly
discuss the A-dependence of the cross-section (16). In this
respect it should be pointed out that nuclear effects are
not only generated by the nucleon momentum distribution
nA

0 (|#PA−1|), but also by the quantities yA and z(A)
1 , which

differ from the corresponding quantities for a free nucleon
(y = ν/Ee and z

(N)
1 = 1) if the off mass shell of the

nucleon (p21 �=M2 ) generated by nuclear binding is taken
into account. However, such a dependence is not only very
small, but it completely disappears in the ratio between
the cross-sections from nuclei A and A′,

RBj(xBj/z
(A)
1 , Q2, |#PA−1|, A,A′) =

F
N/A
2 (xBj/z

(A)
1 , Q2)

F
N/A′
2 (xBj/z

(A′)
1 , Q2)

nA
0 (|#PA−1|)
nA′

0 (|#PA−1|)
(28)

→ nA
0 (|#PA−1|)
nA′

0 (|#PA−1|)
≡ RA,A′(|#PA−1 |), (29)

which means that in the Bjorken limit the A-dependence
of the ratio R is entirely governed by the A-dependence of
the nucleon momentum distribution nA

0 (|#PA−1|) in nuclei
A and A′. Since, as shown in fig. 2, nA

0 exhibits a strong
A-dependence for low values of |#PA−1|, a plot of R vs.
|#PA−1| should follow the behavior of nA

0 (|#PA−1|) in nuclei
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Fig. 2. The proton momentum distributions in 2H (full line),
4He (dotted line), 16O (dashed line) and 40Ca (dot-dashed line)
calculated using realistic nucleon-nucleon interactions (see [3]
for original references).

A and A′ and the experimental observation of such a be-
havior would represent a stringent test of the spectator
mechanism independently of the model for FN/A

2 .
The expected behavior of the ratio eq. (29) for A = 2

and different values of A′ is presented in fig. 3. These re-
sults clearly show that the observation of recoil nuclei in
the ground state, with a |#PA−1|-dependence similar to the
one predicted by the momentum distributions, would rep-
resent, on the one hand, an indication that the FSI be-
tween the lepto-produced hadronic states and the nuclear
medium is such as to leave intact part of the final (A− 1)
nuclei. One could hope that the number of the detected
nuclei together with the momentum dependence of the
cross-section could provide information on the nature and
the details of the hadronization mechanism in a more sen-
sitive way than, e.g., the energy transfer dependence of the
forward hadro-production in the process A(e, e′h)X [4,6].
From what exhibited in this section, it should be clear

that the choice of considering low momentum components
and low excitation energies of the detected (A − 1) sys-
tem, is dictated by two main reasons: i) the nucleon mo-
mentum distributions at high values of |#p | scale with A,
so that all advantages of having a strong A-dependence
of the ratio eq. (29) would be lost; ii) the high momen-
tum part of n(|#p |) is almost entirely exhausted by n1(|#p |)
which results from high values of the removal (excitation)
energy of (A − 1) in eq. (24) (E = Ef

A−1 + Emin ≥ 50–
100 MeV); in such a case there are little chances for the
final (A− 1) system to remain intact. Experimentally one
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Fig. 3. The ratio RA,A′(PA−1) (eq. (29) with PA−1 ≡ |
PA−1|)
corresponding to A = 2 and A′ = 4 (dotted line), A′ = 16
(dashed line) and A′ = 40 (dot-dashed line).

has therefore to look for a bound (A − 1) system in the
ground state or in a state of low excitation correspond-
ing roughly to the hole shell model states of the target
(εmax

α � 30–50 MeV) (in principle, these states could be
reached by the de-excitation of a highly excited state of
(A − 1) through pion emission. These events should be
excluded in the analysis, but, as explained above, they
provide only a tiny contribution to the low momentum
part of n(|#p |)). It is clear that in case of few-body targets,
e.g. 2H, 3He and 4He, the ambiguities deriving from the
identification of (A − 1) as resulting from the process we
are investigating are strongly reduced, for one has to de-
tect, in coincidence with the scattered electron, a nucleon,
a deuteron and 3He(3H), respectively.

3.2 Final-state interaction and hadronization

In this section we are going to consider the modifications of
the cross-section induced by the FSI of the nucleon debris
produced in the DIS on a bound nucleon. In this case, the
Spectral Function has to be replaced by the Distorted (D)
Spectral Function, which can be written in the following
way:

PA
D (E, #PA−1) =

∑
f

|F f,D
A−1,A(#PA−1)|2

× δ(E − (Emin + E
f
A−1)) , (30)

where the transition form factor is

F f,D
A−1,A(#PA−1) = 〈#PA−1, Ψ

f
A−1SG|Ψ0

A〉 =∫
ei�pA−1�r1S†G(#r1 . . . #rA)Ψ

f
A−1

∗
(#r2 . . . #rA)

×Ψ0
A(#r1, #r2 . . . #rA) δ

 A∑
j=1

#rj

 A∏
i=1

d#ri . (31)

The quantity SG in eq. (31) is the Glauber operator, which
describes the FSI of the debris from the struck proton with
the (A− 1) system, i.e.
SG(#r1 . . . #rA) =

A∏
i=2

[
1− ΓN∗N (#b1 −#bi, zi − z1)Θ(zi − z1)

]
, (32)

where #bi and zi are the transverse and longitudinal com-
ponents, respectively, of the coordinate of nucleon “i”,
#ri ≡ (#bi, zi), ΓN∗N (#b) is the Glauber profile function de-
scribing the elastic scattering of the debris, denoted N∗,
with the nucleons of the (A− 1) system, and the function
θ(zi − z1) takes care of the fact that debris of the struck
proton “1” propagates along a straight-path trajectory, so
that they interacts with nucleon “j” only if zj > z1. We
have chosen the longitudinal axis z along the momentum
of the virtual photon, and besides the usual dependence
on the transverse separation #b1 −#bi between N∗ and Ni

for a high-energy amplitude, we have also reserved a de-
pendence of ΓN∗N on the longitudinal separation zi − z1,
which should take care of the time dependence of the ef-
fective cross-section discussed above. Let us eventually
point out that because of the effects from the FSI, the
Distorted Spectral Function depends now upon the vector
#PA−1 �= #p1. With the FSI taken into account, the Dis-
torted cross-section is now eq. (16) with PA(|#PA−1|, E) re-
placed by PA

D (E, #PA−1). The cross-section integrated over
the removal energy becomes proportional to the distorted
momentum distribution

nA
D(#PA−1) =

∑
f

∣∣∣F f,D
A,A−1(#PA−1)

∣∣∣2 =
(2π)−3

∫
ei

�PA−1(�r−�r ′)ρD(#r, #r ′)d#rd#r ′ , (33)

where

ρD(#r, #r ′) =
∫
Ψ0

A
∗
(#r, #r2 . . . #rA)S

†
G(#r, #r2 . . . #rA)

×SG(#r ′, #r2 . . . #rA)Ψ0
A(#r

′, #r2 . . . #rA)
A∏

i=2

d#ri (34)

is the one-body distorted mixed density matrix.
A general approach to calculate ρD(#r, #r ′) has been

developed in ref. [24] in terms of correlated wave func-
tions. Since we are interested in the low momentum part
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of the wave function, and also due to the exploratory na-
ture of our calculations, we limit ourself here to a tradi-
tional Glauber-type nuclear-structure approach in which
Ψ0

A(#r, #r2 . . . #rA) is written as a product of a function φ, de-
scribing the motion of nucleon “1” and the wave function
Ψf

A−1(#r2 . . . #rA) of the spectator, and |Ψf
A−1(#r2 . . . #rA)|2 is

factorized into a product of single-particle densities. One
obtains, in this case,

nA
D(#PA−1) ≡ N(#PA−1) =

∣∣∣FD
A,A−1(#PA−1)

∣∣∣2 , (35)

with

FD
A,A−1(#PA−1) �

∫
ei

�PA−1 �r φ(#r )

[
1− S(#b, z)
2(A− 1)

]A−1

d#r ,

(36)
and

S(#b, z) =

∞∫
z

dz′ ρA(#b, z′)σeff(z′ − z) , (37)

where ρA(#b, z) is the nuclear density (normalized as∫
d3r ρA(#r ) = A), φ(#r ) describes the relative motion of

the struck nucleon with respect to the spectator (A − 1)
nucleus, and σeff(z′ − z) is given by (6) or (15).
We have estimated the Distorted form factor, eq. (37),

within the optical approximation, obtaining

FD
A,A−1(#PA−1) =

∫
d2b ei

�PT�b

×
∞∫

−∞
dz ei PLz φ(#b, z) exp

[
−1
2
S(#b, z)

]
, (38)

where #PT and PL denote the transverse and longitudinal
components of #PA−1 with respect to #q. The optical ap-
proximation is a rather good one for heavy nuclei, but
it should be abandoned in case of light nuclei for which
eq. (34) has to be used.
The total cross-section of the process is proportional

to the integral of the distorted transition matrix element,
obtaining

σtot ∝
∫
d3PA−1

∣∣FD
A,A−1(PA−1)

∣∣2 =∫
d2b

∞∫
−∞

dz ρ(#b, z) exp
[
−S(#b, z)

]
. (39)

4 Results of the calculations of the total
cross-section and the distorted momentum
distributions

We have calculated both the total cross-section and
the distorted momentum distribution of the process
A(e, e′(A−1))X off 4He, 16O, and 40Ca; the hit nucleon is

0       5 10 15 20 25 30 35 40
0.0

0.2

0.4

0.6

0.8

σ to
t

F
S

I  / 
σ

to
t

P
W

A

Fig. 4. The ratio between the total cross-section (eq. (39) cal-

culated taking into account (S(
b, z) �= 0, σtot ≡ σFSI
tot ) and

disregarding (S(
b, z) = 0, σtot ≡ σPW
tot ) the Final-State Inter-

action. The open dots correspond to the effective cross-section
of the nucleon debris given by the color string model (eq. (6)),
whereas the full dots correspond to the cross-section where the
gluon Bremsstrahlung has also been considered (eq. (15)) at
Q2 = 100GeV2. The stars represent the proton transparency
calculated in refs. [24,25] for the reaction A(e, e′p)X.

considered to be a proton. For the nuclear density ρA(#b, z)
we have used both the Harmonic Oscillator and the Fermi
distribution forms. As for the function φ(#b1, z1), which de-
scribes the relative motion of nucleon 1 and the spectator
nucleus (A−1), it has been chosen such that when FSI are
absent, N(|#PA−1|) coincides with the low momentum part
of the distributions given in ref. [26]. The parameters used
for the calculation of the effective cross-sections (eqs. (6)
and (15)) were as follows: σNN

tot = 40mb, σπN
tot = 20mb,

ΛQCD = 0.25GeV, λ = 0.65GeV. The results of the cal-
culations are presented in figs. 4-9.
Figure 4 shows the ratio of the distorted to undis-

torted total cross-sections defined by eq. (39) calculated
either taking into account (S(#b, z) �= 0), or disregarding
(S(#b, z) = 0) the effect of the nucleon debris rescattering
in the medium, respectively.
As anticipated, the rescattering effects exhibit a de-

creasing A-dependence. The effect of gluon radiation, re-
sponsible for the difference between closed and open dots,
is a nearly A-independent 10% correction. We have also
calculated the nuclear transparency for the reaction of
quasi-elastic scattering A(e, e′p)B where the intact struck
proton (Glauber approximation) propagates through the
nucleus. These results, depicted by star points, clearly
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Fig. 5. The proton Momentum Distribution for 4He shown
in fig. 1 (NO FSI) compared with the Distorted Momentum

Distribution N(
PA−1) (eq. (35)) plotted vs. PL for PT = 0.
The curve labeled by open dots has been obtained using the
effective cross-section for the nucleon debris corresponding to
the color string model (eq. (6)), whereas the other curves cor-
respond to the cross-section which includes also the gluon
Bremsstrahlung (eq. (15)). The stars represent the distorted
proton momentum distributions calculated in ref. [25] for the
semi-inclusive process 4He(e, e′p)X.

exhibits the expected weaker absorption effects for the
proton compared to the debris in the process A(e, e′(A−
1))X. The momentum distributions, eq. (27), for 4He, 16O
and 40Ca, are compared in figs. 5-7 with the distorted mo-
mentum distributions defined by eq. (35) calculated for
PT = 0.
Concerning the results presented in these figures, the

following remarks are in order:

1. Due to the smaller dimensions, rescattering effects are
less important in 4He than in heavier nuclei. As a mat-
ter of fact, in the former case, they simply reduce, in
the considered range of momenta, to an almost con-
stant reduction of about 50%, whereas it appears that
for medium weight and heavy nuclei not only the ab-
sorption is substantially stronger, but appreciable dis-
tortion effects are apparent, with the role of gluon ra-
diation increasing with A.

2. It is interesting to compare the process A(e, e′(A −
1))X we are investigating occurring at Bjorken x
 1,
with the semi-inclusive nucleon knock-out A(e, e′p)X
occurring at Bjorken x � 1 (note that X refers to the
proton debris in the A(e, e′(A−1))X process, and to a
(A−1) nucleon state in theA(e, e′p)X process). Within
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Fig. 6. The same as in fig. 5 but for 16O. The proton rescat-
tering in the reaction 16O(e, e′p)X damps the momentum dis-
tribution (full curve) by a factor of about 0.5 [25].

the PW approximation the two processes are propor-
tional to the same nuclear part, viz the nucleon mo-
mentum distribution nA(p) (eq. (24)), whereas when
the FSI is considered, the first process will be dis-
torted by the nucleon debris rescattering, and the sec-
ond one by the proton rescattering. Thus, it appears
that by comparing the two processes the differences be-
tween nucleon debris and proton propagations in the
nuclear medium can be investigated. The calculation
of rescattering effects in the processes 4He(e, e′p)X,
16O(e, e′p)X and 40Ca(e, e′p)X has been performed
in [25] by a Glauber-type approach and the results can
be summarized as follows: in the momentum region
considered in this paper, the effects of the FSI, due to
the proton rescattering, damp the momentum distri-
butions by an almost momentum-independent amount,
the reduction factors being 0.85, 0.5 and 0.5 in 4He,
16O and 40Ca, respectively. By comparing these results
with the ones presented in figs. 5-7, we can conclude
that, apart from 4He, the effects of proton and nucleon
debris propagation are, as expected, very different.

In fig. 8 the ratio RA,A′ (eq. (29)), which is plotted
in fig. 3 in the case of the PW approximation, is shown
when the nucleon debris rescattering is taken into account
in the final state.
It is gratifying to see that when the final-state rescat-

tering of the debris is taken into account, the differences
between different nuclei, i.e. nuclear effects, are even em-
phasized.



142 The European Physical Journal A

0.0 0.2 0.4 0.6 0. 8 1.0
0.01

0.1

1
40Ca

N
(P

T
=

0,
P L

),
fm

3

P
L
, f m -1

No FSI
STRING
Q2=1 GeV2

Q2=10 GeV2

Q2=100 GeV2

Fig. 7. The same as in fig. 5 but for 40Ca. The proton rescat-
tering in the reaction 40Ca(e, e′p)X damps the momentum dis-
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In fig. 9, the dependence of our results upon the choice
of the function φ(#b, z) describing in the target ground state
the relative motion between the hit nucleon and the spec-
tator (A − 1), is exhibited by comparing the results ob-
tained with the realistic function used in the calculations
with the results obtained with a simple Gaussian function.
It can be seen that, apart from 4He, the use of a Gaussian
function is not recommended.
Eventually, in fig. 10, the sensitivity of our results

upon the quantities entering the effective cross-section
(eq. (15)), viz σNN

tot and σπN
tot , is illustrated.

5 Summary and conclusions

In this paper we have considered a theoretical model
to describe the FSI arising from the propagation and
hadronization of the partonic debris produced from the
hard scattering of a lepton off a nucleon bound in a nucleus
A. The FSI arises due to the rescattering of the hadrons
which are formed both from string breaking and from
gluon radiations. In order to experimentally investigate
the correctness of the model, we have analyzed the semi-
inclusive process in which, instead of a secondary, e.g.
leading, hadron, the whole (A−1) nucleus in low momen-
tum and energy states, is detected in coincidence with the
scattered lepton. In absence of any FSI, the momentum
distributions of the (A− 1) nucleus would be nothing but
the momentum distributions of the hit nucleon and its in-
tegral will give the total number of surviving (A−1) nuclei;
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Fig. 8. The same quantity as in fig. 3 obtained with the Dis-
torted Momentum Distributions shown in figs. 4-6 (STRING).
Full line: 4He; dashed line: 16O; dot-dashed line: 40Ca.

when the FSI is switched on, the surviving probability will
be reduced and the momentum distributions will be dis-
torted. We have shown that both effects sensibly depend
upon the details of the rescattering and hadronization of
the nucleon debris. By comparing the results for the pro-
cess A(e, e′(A− 1))X with the much investigated process
of nucleon knock-out, A(e, e′p)X, the differences between
the nucleon and its debris propagations in the nuclear envi-
ronment can be investigated. For example, we have found
that whereas 60% of the knocked-out protons off 16O at
Q2 = 1GeV2 escape the nucleus without interaction, for a
debris of a struck nucleon the survival probability reduces
down to 25%. Furthermore, the momentum distributions
of the recoiling (A−1) nuclei turn out to be very sensitive
to the details of the model for hadronization in nuclear en-
vironment. Up to now, information on hadron formation
time and hadronization has been collected mainly from
the measurement of the ratio between the semi-inclusive
cross-section for the leading-hadron production for a nu-
cleus A to that for the deuteron. This ratio increases with
energy approaching 1 when the formation time of lead-
ing hadrons exceeds the nuclear size. In the process we
are proposing, the effects of FSI do not vanish with en-
ergy, and vary from a factor of 2-3 in a light nucleus like
4He to orders of magnitudes in heavy nuclei. Moreover,
they generate peculiar and strong distortions of the nu-
cleon momentum distributions. Thus, from a theoretical
point of view, the semi-inclusive process A(e, e′(A− 1))X
appears to be very promising, for nuclear effects not only
manifest themselves in a relevant quantitative way, but
also produce peculiar qualitative effects.



C. Ciofi degli Atti and B.Z. Kopeliovich: Final-state interaction in semi-inclusive DIS off nuclei 143

0.0 0.2 0.4 0.6 0.8 1.0
0.01

0.1

1

10

N
(

P
T

=
0,

 P
L
),

 f
m

3

P
L

, fm
-1

Fig. 9. The distorted momentum distributions for 4He (full
line), 16O (long-dashed line) and 40Ca (short-dashed line), cal-

culated with two different forms for the function φ(
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Fig. 10. The sensitivity of the distorted momentum distri-
butions of 16O upon the values of the Nucleon-Nucleon and
Pion-Nucleon elementary cross-sections. The full curve repre-
sents the Plane-Wave approximation, whereas the other curves
were obtained using the debris effective cross-section given by
eq. (15).

An essential advantage of the process under discussion,
compared to inclusive hadron production, is the possibility
to study the early stage of hadronization at short forma-
tion times without being affected by cascading processes.
Indeed, no cascading is possible if the recoil nucleus (A−1)
survives. At the same time, most of hadrons with small
momentum produced in inclusive process A(e, e′h)X orig-

inate from cascading of more energetic particles. In order
to analyze data and extract information on the early stage
of hadronization, one needs a realistic model for cascading
which is barely possible.

We are grateful to D. Treleani for several fruitful discussions
during the first stage of this work and to L. Kaptari for use-
ful suggestions. CdA is indebted to B. Povh and the Max-
Planck Institute für Kernphysik, Heidelberg, for several invi-
tations which made the completion of this work possible. This
work has partly been performed under the contract HPRN-
CT-2000-00130 of the European Union and supported by the
grant from the Gesellschaft für Schwerionenforschung Darm-
stadt (GSI), grant No. GSI-OR-SCH, and by the European
Network Hadronic Physics with Electromagnetic Probes, Con-
tract No. FMRX-CT96-0008. Partial support by the Minis-
tero dell’Istruzione, Università e Ricerca (MIUR), through the
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